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Abstract—In this paper, we consider a networking scenario in achieved along the routes in an efficient way. For this reason
which a group of nodes wants retrieve a function of data that we ytilize gossiping protocols where nodes update theiregl
are s.tored by anothgr group of nodes..Here we assume t.hat the by a weighted sum of their own and one-hop neighbors’
function can be cast into a sum of functions of the local varibles, . L .

a case that subsumes several interesting types of queriesn®© values. The_se protocols are considered f’j‘ttr"_mt've in eesel
approach to solve this problem is to route the information fom S€Nsor applications because the communications among node
each node to the interested destinations one at a time, relmg are limited to their immediate neighbors, while the network
it over a tree of paths. A second strategy is to reuse the paths topology can be dynamically switching, provided it maintai
When possible, multlcastllng to thellntended. recipients thelata. connectivity. While the gossiping protocols have been Wide

A third one, that we are interested in exploring, computes abng e PR . .

the routes as well. More specifically, the goal of this papersi utilized for a specific information fl_ow problemeg., average

to examine how the sought information be forwarded to the consensus, where all of the nodes in the network are inegtest
intended recipients, computing along the routes by gossipg in the average of the whole network [2], the problem that we

with selected neighbors. Unlike in standard gossiping, in @r  are considering is more general and has not yet been distusse

prpblem the information nee.d.s to flow .il’.l a specific direction.In in the gossiping literature to best of our knowledge.
this work we provide a sufficient condition for the convergerte

to the desired result, and propose a method for designing the

information flow for a given network configuration. Il. INFORMATION FLOW VIA GOSSIPING
Index Terms—Information relay, gossiping algorithms, stochas-
tic matrices. In this paper, we consider a network withi nodes and

the corresponding edge sét which consists of unordered
node pairs(z,j). We define the neighbor set of nodeas
Information flow problems in networks have attracted greal; = {j € {1,2,...,N} : (i,j) € E}. We consider the
interest from engineering, computer science and opemtidollowing problem setup for the information flow problem in
research communities [1], [2], [3]. We focus our attention onetworks. Each node has an initial scalar measurementetknot
a scenario where a group of destination nodes is interestety ,(0) € R wherei € {1,...,N}. LetS = {1,2,...,N}.
a function of data stored by another set of nodes, under sofitere is a set of nodesdéstination nodes), denoted as
network connectivity constraints imposed on the communic8, C S, are interested in the average of a set of nodes
tions. One solution is to this problem is to unicast betwe&source nodes), denoted aSs C S. We want to calculate
each pair of source-destination nodes by constructing Ia, pait all destination nodes:

I. INTRODUCTION

i.e., shortest path [4]. Receiving all information, each destin 1
tion node can compute the desired function independently. E @ Z z;(0)
cept in very special cases, this strategy is inefficientesithe i€Ss

exact same information flows in the network several times amgth minimum amount of communication and a linear time

unreliable as it is prone to link failures. The second apghoainvariant code, where - | denotes the cardinality of its

is multicasting the informationj.e, a single source nodeargument.

transmitting at a time to all destinations, thereby allaythe ~ Each node computation is linear and with constant weights

computation of the sought results independently [5]. Tlsankver the iterations, i.e.:

to network coding [1], [6], [7], the multicasting operatiocan _

be done using the links efficiently, but this decompositién o it +1) = Wigi(t) + Z Wija;(t) Vi e {1,.... N} (1)

the problem is agnostic to the fact that the nodes do not want JEN

the data themselves, but an aggregate result. Moreovéteunivhere ¢ is the discrete time index of the iteratiol/;; are

the network coding, we are not interested in the capaciye corresponding link weights. With a different meaning

of a multicast network, but rather in the distribution of theompared to the network coding literature, we refer to the

information in the network. matrix W as the network codethat we are interested in
Observing the fact that the information flow problem hadesigning. We note that if ¢ N;, then W;; = 0. If we

two parts,i.e, computationand routing, we propose a joint define anN x N matrix W such that[W],; = W;; and

strategy where the computation of the desired function it) = [z1(t),22(t),...,zn(¢)]T, then (1) can be written in



the matrix form as: where p(-) denotes the spectral radius of its argumehtis
the multiplicity of the eigenvalue equal to
2(t +1) = Wa(t) = W 2(0). Hitiplctty genvaiue equ

The proof is straightforward application of the Jordan
normal form and thus it is omitted. Theorem 1 shows that
lim z(t) = lim W'z(0) = W>z(0) the nonzero entries of¥ and the elements ofV’>° given
t=o0 t=o0 in (2) (which correspond to the network connectiviy{ E)
where we denotdV>° £ lim, .., W' (assuming that there and the information flow problent’(Sp, Ss) respectively),
is convergence). Since, we are only interested in the aeer&je linked through a set of eigenvectdrs,, ¢, d*, 1 <i < k.
of the set of nodesSy at all i € Sp, we have the following Our problem requires that the eigenvectors satisfy certain

The equation above implies that

inherent structure it/ °°: properties. Thus, in the rest of this paper, we determine the
1 value of £ and design eigenvectors satisfying the constraints

o) |SS| k S SS . ) .
ik = 0 kdSs Vj € Sp. (2) of Theorem 1. Since these vectors are functions of the nonzer

_ entries ofl¥ matrix, once such vectors are constructed we will
Let us denote the above structure imposed by Sgtsind  optain a feasible set dfV matrices (network codes).

Ss as F'(Sp, Ss) and the structure (sparsitye, Wi; = 0 we start by further constraining the structure @fd’ as
if (i,7) ¢ E) imposed by the network connectivity @& E). follows:

Thus our goal is to design & matrix such thalV € F(E)

and W>® ¢ F(Sp,Ss). Moreover, we are interested in ¢; =0, Vi¢Ss (7)
the specific coddl” which results in the fastest asymptotic c}d}/clel = |Ss|™!, VieSs andj € Sp 8)
convergence to the desired states in (2). For this reason, we =0 Vks1landicS 9
define the asymptotic convergence factor as [2]: 3 - Landje€eop. ©)
2(t) — W=z(0) 1/t We note that_ the construction above guarantees t_ﬁaf
r(W) = sup lim <—) . (3) satisfies the information flow problent’(Sp,Ss) defined
2(0)£W=a(0) 120 \2(0) = Wz(0) in (2). We continue our construction by fixing the non-zero

Therefore, given a network’ € F(E) and an information €ntries ofc’ as one:

flow problemiV* € F(Sp,Ss) on the network, our aim is to ¢l =1, VieSs.

construct a network codd” which minimizes the asymptotic ’

convergence factor in (3) while solving the information flowAt this point, we are ready to restate the information flow
problem we just defined. problem via gossiping in algebraic terms:

In the rest of the paper, we limit ourselves in the set ¢,,p1em 1. Construct a set of stochastic matricés € F(E)
stochastic matrices.e., nonnegatlv_e matnces.each.of Who_sgvith the multiplicity of the eigenvalue equal tok < N and
rows sum tol, as our mathematical analysis mainly relieg, . corresponding left and right generalized eigenvectiys,

on StOChaSt,iC matrix thgory: There_for’ﬂ{ 2,0 and W1 = 1 <@ < k, which satisfy5)+9), such that the structure of the
1 where > is elementwise inequality andl is the all ones rows of > matrix is given in(2).

vector. We consider strongly connected networks and nétswvor

where the non-source nodes are also strongly connectedgamonVe note that, by (5)¢' is a left eigenvector of¥’ matrix
themselves, e, there exists a path (not necessarily single hogprresponding to eigenvalue Using this fact and the pro-
from each node in the network to every other node. posed model given in (7)-(9), the following lemma holds true

[1l. CONSTRUCTION OFFEASIBLE CODES Lemma 1. W;; =0 for i € Sg, andj ¢ Ss regardless of the
In order to construct a feasible set of codes which satisREtWOrk connectivity'(E), i.e., even if(i, j) € E.

both the connectivity constraint and the information flow  proof: We note that! is a left eigenvector corresponding
problem, one needs to relaté” and W™. This can be tg the eigenvalue, thus:

accomplished through the following theorem (see also [8]):

N
Theorem 1. Let ¢,d® € RV*! 1 < i < kandk € [c'W]; = Zc} Wij=c Vie{l,...,N}. (10)
{1,2,...,N}. Suppose that'’ d' # 0 Vi € {1,...,k}. We j=1
have ko T Sincec! = 0 Vi ¢ Ss by construction > 0 and ¢! > 0,
W = lim W' = Z ¢ (4) thenW;; =0fori €S, andj & Ss. ]
t—o0 o d Lemma 1 implies that the source nodgs do not receive

any information from the nodes which do not belong to this

it and only if¥i,j € {1,.... k}; set. Therefore, the information flow of the network will be

AW =" Wd =di, d =0 ifitj (5) directed outside the boundary regions between the source
kT nodes and the non-source nodes.

p <W_Z d?;z ) <1 (6) In light of the discussions above, the statement of our
— Problem 1 is now equivalent to:



Problem 2. Construct a set stochastic matricég ¢ F(E) CLUSTER 1

with the multiplicity of the eigenvaluk equal tok < N and l

the corresponding left and right generalized eigenvectéys

d’, 1 < i < k, such that the structure of the rows @f>°

matrix (2) is determined byi'ct” /c"d! and (6) is satisfied. . CLUSTER 2

A. Stochastic Codes

Given the imposed network connectivify( E), the infor- Q
mation flow problen¥(Sp, Ss) and Problem 2, two questions
are in order: 1) How to determine the value /gf2) How to

. . 1. A sample network. S represents source nodes whileabdstfor
constructe;, d; Vi € {1,...,k} such that the constraints aredegstination nodeg. P
satisfied. We focus on the latter problem first. W € F(E). Define a classC C S as set of nodes which

1) The generalized eigenvectors of a Stochastic Matrixholds the above relation. Then the cldéss basic if and only
First, we note that the spectral radius of a square nonvegaig p(Wi) = p(W) whereWy represents the transition matrix
matrix is also an eigenvalue (possibly repeated) [9].4@&Y) corresponding to the clags. Moreover, we define a clags
be the spectral radius of & x N square matri¥V’. For each js final if K has access to no other class. Given the definitions
nonnegative integer, we define Nuff (1) as the null space and properties of stochastic matrices, a class is basicdf an
of (W — p(W)I)". Define theindexof W to be the smallest only if it is final [10]. In our construction, by Lemma 1, a
nonnegative integen such that Nult(W) = Null”*'(W) source node does not communicate with non-source nodes,
and denote such number agV’). Keeping the definitions in therefore an unconnected cluster of source nodes is final. On
mind, the index of a stochastic matrix is one [10]. In wordig, t the other hand, due to the initial connectivitg., F(E), non-
generalized eigenvectors corresponding to the speciiaisa source nodes are strongly connected among themselves, thus
of W are guaranteed to span the null spacd1of- p(W)I. there exist no other final classes among non-source nodes.
Note thatp(1¥) = 1 sinceW is a stochastic matrix. Therefore moreover, the number of the repeated eigenvalues equal to
eigenvectors!’ defined in Theorem 1 are simply the linearly,(11/) is equal to the number of basic classes [10]. Therefore,

independent solutions to the equality: the number of the repeated eigenvalues equal te equal
W-Dd=0 ¥ie{l,.. kb (11) to the number of unconnected cluster of source nodes, since

p(W) = 1. ]
Of note is that since the index of a stochastic matril(, ithere In Words’ as the number of unconnected source nodes

existsk linearly independent solutions of the above equatiofhcreases, the rank of the limiting matrix increases; toeee
Sincek is equal to the number such vectors, thers equal the degrees of freedom (the number of frded’ vectors to
to the size of the null space oV — 1. be designed) increases. Thus, the complexity of the problem
2) The size of the NullV —I): The size of the null space of increases. We note that in Fig. 1 there are two source chyster
W —1I can be easily determined from the network connectivifye, 1 = 2. Of note is that in the case @verage consensus
F(E) by the following lemma. Before stating the lemma, wevhich is a special case of group gossiping problems where
give the definition of an unconnected source cluster asiistio || the nodes in the network are interested in the average
. Statei is said to have an access to statéf (W");; >0 of the whole network §p = Ss = §), the number of
for somen > 0. unconnected source clusters is simply 1, since every node
« A set ofsourcenodes is defined as amconnected source in the network is a source node. Therefore, there is only
clusterif all of the nodes within the cluster are connectedine eigenvector corresponding to the spectral radius iame,
but none of them has access to any other source nodes= 1, and the corresponding eigenvectors simply satisfy
in the network. dtet” AT dt = 117N [2].
Fig. 1 shows a sample network with source nodes and a
single destination node. The direction of the arrows repres
the direction of the information flow. Due to the conneciivit
of the network, there are two source clusters, the first otle Wi \\e have shown in Lemma 2 that, given the network

3 nodes and the second with a single node. connectivity F(E), the number of repeated eigenvalues of
The following lemma is in order: valuel is equal to the number of unconnected source clusters

Lemma 2. Given W € F(E), the number of repeated - Moreover, the generali;ed eigenvectors corresponditigeto

eigenvalues ofV that are equal tol, is equal to the number €igenvaluel spans thet dimensional null space df” — I.

of unconnected source clusters. At this point, we can restate the information flow problem

_ ) given in Problem 2 in a constructive way as follows:
Proof: Motivated by the theory of Markov chains, we

define aclassas a nonempty equivalence relation class @¢froblem 3. Constructk linearly independent vectors, where
communicating states where accessibility is defined thmou§ can be determined by the number of unconnected source

B. Determining Feasiblél’



clusters in the network{d', d?, ..., d*} such that: fixing the value corresponding to thiéh entry of the vector
2t asa >0, i.e:

spar([d* d* ... d*]) = Null(W —I) (12) ‘
d¥ =0, vk >1andj € Sp (13) zi =ad(i—j) Vi, je{l,....k}. (19)
W =¢ Vje{l,... k} (14) Moreover,Vj € Sp, we fix:
A =0 ifitj (15) A=0 Vie{l,... k. (20)
k
_ i T, T . Assuming the above construction has a nonempty set of
P (W Z;d o e d) <1 (16) feasible vectors, we determine the generalized eigemgecto
o of W as follows:
el = 0VigSs a7) 1 1
: 1Vie Ss d- =z
T 42 = 22 _ 1
cidi/c"d" =|Ss|7!, VieSpandjeSs  (18) _ (21)
where spaf) represents the subspace spanned by its argu- dF = Z:k _

ment.
. o L 3. The set of vectord’ gi in (21) satisfies th
We note that by Theorem 1 and the discussion in S emma e set of vectors" given in (21) satisfies the

ec- .
tion llI-A, (12) and (14)—(16) guarantee th#@t>° exists and (?onstralnts(lz) and (13)
is equal to (4). Furthermore, (13) and (17)—(18) guararitat t Proof: By Theorem 2, forl < i < k, z%'s form a basis for
W has the inherent structure given in (2). the null space ofV — I, therefore satisfy (12). Since eadhis
At this point, we have completely characterized the infoa linear combination of suck’s, they also span NuW —I).
mation flow problem and are ready to discuss our proposkbbreover sincez;'- = [ Vj € Sg, then
code design algorithm. We start our design by constructing a

set ofd vectors satisfying (12). . d;'. = { s .if ?: !

1) Construction ofd*: To designd’, we will make use 0 ifi>1
of the following fundamental theorem about eigenspaces @f ¢ Sq. Thus, (13) is satisfied. [ |
nonnegative matrices [10]. 2) Construction ofc’: At this point, we are ready to

Theorem 2. Define the algebraic eigenspace of a nonnegationstruct the only missing piece of informatior, ¢'. Once
matrix W as Nul(W — p(W)I)*™) where v(W) is the We have already determined as in (17) we can construct

index of the matrix. Moreover, a vector is semipositive ff» ¢ = 2 as follows:

each element of the vector is non-negative and the vector is i 1ifi=j 29
nontrivial. Then, the algebraic eigenspace of a nonnegativ % =\ 0 otherwise (22)
matrix W has a collectionz, . .., z* of semipositive vectors . . -

j . o . . The following lemma shows that such construction satisfies
such thatz] > 0 if and only ifi has access to thgth basic : )

L .. _the information flow problem:
class of W, j = 1,...,k. Moreover any such collection is a
basis for the algebraic eigenspace of W. Lemma 4. The set of vectors in(17) and (22) satisfies the

Of note is that the algebraic eigenspace of a stoc:has‘ff?:ndItlons in(14)-(17).
matrix W is simply Nul(W — I), since p(W) = 1 and  The proof utilizes the structure of proposéds, ¢i's and
the index of W, v(W), is simply 1. Therefore, Theorem 2 nonnegative matrix theory and is omitted due to the space
provides a way to construct a set of vectafswhich satis- |imitations. We note that the constructetl and d* vectors
fies (12). In the following, we first construct’s, then, by satisfy all of the constraints of the information flow prable
using linear combinations of these vectors, determinehamnot except (18). The last constraint is satisfied by choosing
set of vectorsi.e., d’, which satisfy the rest of the constraintgatio equal to the cardinality of source nodes $et, |Ss].
in Problem 3. Based on the considerations made above we arrive at the main
Without loss of generality, we assume that each sourggsult of the paper which is given below.
cluster consists of a single node, and therekaseurce nodes. . . .
One can extend the construction to multi-node clusters Byfeorem 3. A network code}V, is a feasible solution to an
treating each cluster as a single super-node which progagd@formation flow problem on a network(£), if:
the information among the member nodes via any consensus N1 i 1
algorithm [2]. We label the nodes in the network such that (1 -K)"'K L‘ - |Ss]

e s e ol s 1 SO L& 02, . s <5, her s elone L prtof
g - By ; Y W, Kiis thei-th column ofK, and K’ = [K*+1| ... |K™N].

independent semipositive vectors of a certain structurielwh
form a basis for the algebraic eigenspace. Denotbasis Proof: The constructed eigenvectorss in (19) and (20)
vectors as{z!,...,z¥}. We continue our construction bysatisfy (W — I)z* = 0, Vi by Theorem 2. With some algebra,



one can show that this constraint is equivalent to:
(INckxn—k — [KFTERP2 KN [ 2ii] . 2 | = aKh

Moreover, z; = [, Vj € Sp by construction. Noting that
I — [KFK*2] . |KN] is invertible due to irreducibility
of K’, the result follows. [ |

C. Fast Convergence Codes

In most cases, the set of network codds$ satisfying

Theorem 3 is a non-singleton. Hent¢E can be optimized

to attain, for example, the fastest convergence. We firs not
that the asymptotic conver%ence factor defined in (3) is lequa
to (W) = p(W—3F_ dici’ /" di). Given Theorem 1, the
proof is straightforward and omitted (a similar proof can be
found in [2]). The following lemma on the convergence factor
is in order:

Lemma 5. The asymptotic convergence fac(@) is equal to:
Rw = M\ (K') (23)
where \;(.) is the maximum eigenvalue of its argument.

The proof is straightforward if one considers the fact that
K’ is irreducible.
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(@) A 2-D grid network topology and
information flow problem.
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(b) Link weights and link directions
assigned by the algorithm.
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Fig. 2. 2-D grid network.
V. CONCLUDING REMARKS

In this paper, we study the network information flow prob-
lem where a group of nodes are interested in the average
of another set of nodes of the network. We investigate a

In this section, we numerically evaluate group gossipirtgne invariant stochastic network code based on gossiping
codes that optimize the convergence rate. We will utilize-a salgorithms which jointly performs computation and routing
guential quadratic programming (QP) based method througif-the desired data. Relying on stochastic matric theory, we
out the simulations to converge to a local minima of the fstepropose an algorithm to determine a feasible region of ngtwo
convergence code problem [11]. We simulate our algorithm @oades for the specified problem. We show that determining a
a2 dimensional square grid network as shown in Fig. 2(a). Theasible code for an information flow problem is equivalent
information flow problem is such that the sources are on the solving|Ss| x |Sp| nonlinear equations. We also formulate
opposite corners of the grid while the remaining corners atlee problem of determining the fastest convergent code gmon

IV. SIMULATION RESULTS

destinations. Then, the problem is formulated as in The@gmthe feasible set of codes.

and the solution is found by minimizing (23). We initialize
the algorithm assigning to each link given in Fig. 2(a) a
bidirectional weight equal ta/2. The output of the algorithm [
is given in Fig. 2(b) with the corresponding link weights and[z]
flow directions. The resulting network cod& is given in

Fig. 2(b) and the first two columns ¥ > are given as: (3]

[4]
T

0 0.5 0487 0.224 5]

1 5
0 1 05 0512 0.776

0 10
W2 = 1 5

0.5 0.
0 0.5 0.
We note that, in agreement with the theory, the subnetwak th (61
consists of the non-source nodes has to be strongly corthectg)
While we guarantee such a constraint, by lower bounding the
non-zero entries ofV by somee > 0, such connections are 8
not shown in the figure because they amount to negligiblg)
values. Moreover, while the last two rows Bf> satisfies the [10]
structure in (2), the rest of the rows do not necessarilysfati
the structure since only the last two nodes, 8 and9, are
the destination nodes. Of note is that nodeand 4 simply
relays the information to their neighbors, while nodeand
6 are responsible for mixing the information.

[11]
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